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Preface

Reflecting over 38 years of experience in the classroom, this comprehensive textbook on
Digital Signal Processing is developed to provide a solid grounding in the foundation of this
subject. Using a student-friendly writing style, the text introduces the reader to the concepts
of Digital Signal Processing in a simple and lucid manner. The text is suitable for use as
one-semester course material by undergraduate students of Electronics and Communication
Engineering, Telecommunication Engineering, Electronics and Instrumentation Engineering
and Electrical and Electronics Engineering. It will also be useful to AMIE and grad IETE
courses. This book is organised in 11 chapters. The outline of the book is as follows:

Signals constitute an important part of our daily life. Standard discrete-time signals,
basic operations on signals, classification of signals and classification of the systems are
discussed in Chapter 1. Also operations on signals and determination of the type of a given
signal and determination of the type of a given system are illustrated with numerous examples.

Convolution and correlation of signals are very important in communication.
Convolution is a mathematical way of combining two signals to form a third signal.
Correlation, which is similar to convolution, compares two signals to determine the degree of
similarity between them. The determination of linear convolution of two signals by various
methods, determination of periodic convolution of signals using various methods, cross
correlation and autocorrelation of signals, power spectral density and energy spectral density
are covered in Chapter 2.

Z-transform is a very powerful mathematical technique for analysis of discrete-time
systems. Unilateral and bilateral Z-transform, inverse Z-transform, ROC and its properties,
properties and theorems of Z-transform and solution of difference equations using
Z-transform are introduced in Chapter 3.

Realization of a discrete-time system means obtaining a network corresponding to the
difference equation or transfer function of the system. Various methods of realization of
discrete-time systems are described in Chapter 4.

XV
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Discrete-time Fourier transform (DTFT) is a method of representing a discrete-time
signal in frequency domain. It is popular for digital signal processing because using this the
complicated convolution operation of two sequences in time domain can be converted into a
much simpler operation of multiplication in frequency domain. The DTFT, its properties and
its use in the analysis of signals are explained in Chapter 5.

The Fourier series representation of a periodic discrete-time sequence is called discrete
Fourier series (DFS). The discrete Fourier transform (DFT) is a sampled version of DTFT.
The discrete Fourier series and its properties, the DFT and its properties, performing linear
and circular convolutions using DFT, inverse discrete Fourier transform (IDFT), sectioned
convolution using overlap-add method and overlap-save method are discussed in Chapter 6.

Fast Fourier Transform (FFT), a method developed by Cooley and Turkey is an
algorithm for computing the DFT efficiently. The efficiency is achieved by adopting a divide
and conquer approach which is based on decomposition of an N-point DFT into successively
smaller DFTs and then combining them to give total transform. The computation of DFT by
decimation-in-time (DIT) FFT algorithm and decimation-in-frequency (DIF) FFT algorithm,
and computation of IDFT also by DIT FFT algorithm and DIF FFT algorithm and
computation of DFT when N is a complex number by DIT FFT algorithm and DIF FFT
algorithm are given in Chapter 7.

A filter is a frequency selective network. Filters are of two types—Finite impulse
response (FIR) filters and Infinite impulse response (IIR) filters. IIR filters are designed by
considering all the infinite samples of the impulse response. They are of recursive type.
Design of IIR filters by approximation of derivatives, by impulse invariant transformation
method and by bilinear transformation method are introduced in Chapter 8. Also design of
low-pass Butterworth filters, low-pass Chebyshev filters and inverse Chebyshev filters are
discussed and illustrated with examples. Analog and digital frequency transformations are
also covered in this chapter.

FIR filters are designed by considering only a finite number of samples of the impulse
response. They are usually implemented by non-recursive structures. Various design
techniques for FIR filters—The Fourier series method, the window method and the frequency
sampling method—are discussed and illustrated with examples in Chapter 9. Various
windows like rectangular, triangular, Hamming, Hanning, Blackman and Kaiser windows are
also explained in this chapter.

Discrete-time systems that process data at more than one sampling rate are known as
multi-rate systems. Different sampling rates can be obtained using an up sampler and a down
sampler. The basic operations in multi-rate processing to achieve this are decimation and
interpolation. Up sampling, down sampling, decimation, interpolation, sampling rate
conversion by a non-integer factor, polyphase decomposition, filter design for FIR
decimators and interpolators and few applications of multi-rate signal processing are
described in Chapter 10.

A programmable digital signal processor (P-DSP) is a specialized microprocessor
designed specifically for digital signal processing, generally in real time computing. P-DSPs
have many advantages over advanced microprocessors. Various architectures for P-DSPs,
special address modes for P-DSPs, on-chip peripherals, architecture of TMS320C50
processor, CPU of that processor are discussed in Chapter 11.
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A large number of typical examples have been worked out, so that the reader can
understand the related concepts clearly. Extensive short questions with answers are given at
the end of each chapter to enable the students to prepare for the examinations thoroughly.
Review questions, fill in the blank type questions, objective type multiple choice questions
and numerical problems are included at the end of each chapter to enable the students to
build a clear understanding of the subject matter discussed in the text and also to assess their
learning. The answers to all these are also given at the end of the book. Almost all the
solved and unsolved problems presented in this book have been classroom tested. MATLAB
programs and the results are given at the end of each chapter (Chapters 1 to 10) for typical
examples. At the end of Chapter 11 few C-Programs and the results are given for the benefit
of the students.

I express my profound gratitude to all those without whose assistance and cooperation,
this book would not have been successfully completed. I wish to thank Dr. P. Srihari,
Professor and Head of ECE department DIET, Anakapalli, Mr. G.N. Satapathi, and
Sri TJV Subrahmanyeswara Rao, Associate Professor of KLUCE, Vijayawada for their help.

I thank Sri Jasthi Harnath Babu Correspondent, Sir C.R.R. College of Engineering
Eluru, West Godavari District, A.P for his moral support during the preparation of the
manuscript.

I thank Er. Mr. Koneru Satyanarayana, President, KLEF, Er. Mr. Koneru Raja Harin,
Vice President, KLEF, and Madam Koneru Siva Kanchana Latha of K.L. University,
Vijayawada, for their constant encouragement.

I express my sincere appreciation to my brother Mr. A. Vijaya Kumar and to my friends,
Dr. K. Koteswara Rao, Chairman, Gowtham Educational Society, Gudivada, and
Mr. Y. Ramesh Babu and Smt. Y. Krishna Kumari of Detroit, USA for their constant support.

I thank my gurus Dr. K. Raja Rajeswari, Professor, ECE Department, Andhra University
College of Engineering, Visakhapatnam and Dr. K.S. Linga Murthy, Professor and Head,
EEE department, GITAM University, Visakhapatnam.

I am thankful to my publishers and staff of PHI Learning for publishing this book. My
thanks, in particular, goes to Ms. Shivani Garg, Senior Editor for meticulously editing the
manuscript. I also thank Ms. Babita Mishra, Editorial Coordinator and Mr. Mayur Joseph,
Assistant Production Manager for their whole hearted cooperation.

Finally, I am deeply indebted to my family: My wife A. Jhansi, who is the source of
inspiration for this activity and without whose cooperation this book would not have been
completed, my sons Dr. A. Anil Kumar and Mr. A. Sunil Kumar and daughters-in-law
Dr. A. Anureet Kaur and Smt. A. Apurupa, and grand-daughters A. Khushi and A. Shreya
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SYMBOLS AND NOTATIONS
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x(-n)
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H(s), H(®), H(z)
Wiy
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R,y (n)

Digital frequency
Analog frequency
Linear convolution

Circular convolution

Transformation

Fourier transform

Inverse Fourier transform
Z-transform

Inverse Z-transform

Used for indicating a transform pair
Time signal

Time reversed sequence
Transformed signal

Magnitude of the complex quantity a. Absolute value of a, if a is real valued
Unit-sample sequence

Unit-step sequence

Unit-ramp sequence

Unit parabolic sequence

Hertz

DFT sequence

Average power

Total energy

Impulse response

Transfer function

Twiddle factor

Autocorrelation of x(n)

Cross correlation of x(n) and y(n)
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D Decimation factor

1 Interpolation factor

w(n) Window sequence

o, Digital cutoff frequency

Q. Analog cutoff frequency

W Pass band edge frequency

0 Stop band edge frequency

H/(w) Desired frequency response

hy(n) Desired impulse response
ABBREVIATIONS

DSP Digital Signal Processing

LTI Linear Time Invariant

LTV Linear Time Varying

LSI Linear Shift Invariant

BIBO Bounded-Input, Bounded-Output
FIR Finite Impulse Response

IIR Infinite Impulse Response

DFT Discrete Fourier Transform

IDFT Inverse Discrete Fourier Transform
DTFT Discrete-Time Fourier Transform
IDTFT Inverse Discrete-Time Fourier Transform
ROC Region of Convergence

CTFT Continuous-Time Fourier Transform
DFS Discrete Fourier Series

FFT Fast Fourier Transform

IFFT Inverse Fast Fourier Transform
DIT Decimation-In-Time

DIF Decimation-In-Frequency

P-DSP Programmable Digital Signal Processor
MAC Multiplier Accumulator

ALU Arithmetic Logic Unit

/0 Input/Output

VLIW Very Long Instruction Word

TDM Time Division Multiplexing

RISC Restricted Instruction Set Computer
CISC Complicated Instruction Set Computer
CPU Central Processing Unit

PLU Parallel Logic Unit

CALU Central Arithmetic Logic Unit
ARAU Auxiliary Register Arithmetic Unit
PC Program Counter

DMA Direct Memory Access

PLL Phase Locked Loop

HLL High Level Language

A/D Analog-To-Digital

D/A Digital-To-Analog
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Discrete-Time Signals and Systems

1.1 INTRODUCTION

Signals constitute an important part of our daily life. Anything that carries some information
is called a signal. A signal is defined as a single-valued function of one or more independent
variables which contain some information. A signal is also defined as a physical quantity that
varies with time, space or any other independent variable. A signal may be represented in
time domain or frequency domain. Human speech is a familiar example of a signal. Electric
current and voltage are also examples of signals. A signal can be a function of one or more
independent variables. A signal may be a function of time, temperature, position, pressure,
distance etc. If a signal depends on only one independent variable, it is called a one-
dimensional signal, and if a signal depends on two independent variables, it is called a two-
dimensional signal.

A system is defined as an entity that acts on an input signal and transforms it into an
output signal. A system is also defined as a set of elements or fundamental blocks which are
connected together and produces an output in response to an input signal. It is a cause-and-
effect relation between two or more signals. The actual physical structure of the system
determines the exact relation between the input x(n) and the output y(n), and specifies the
output for every input. Systems may be single-input and single-output systems or multi-input
and multi-output systems.

Signal processing is a method of extracting information from the signal which in turn
depends on the type of signal and the nature of information it carries. Thus signal processing
is concerned with representing signals in the mathematical terms and extracting information
by carrying out algorithmic operations on the signal. Digital signal processing has many
advantages over analog signal processing. Some of these are as follows:

Digital circuits do not depend on precise values of digital signals for their operation.
Digital circuits are less sensitive to changes in component values. They are also less sensitive
to variations in temperature, ageing and other external parameters.

1
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In a digital processor, the signals and system coefficients are represented as binary
words. This enables one to choose any accuracy by increasing or decreasing the number of
bits in the binary word.

Digital processing of a signal facilitates the sharing of a single processor among a
number of signals by time sharing. This reduces the processing cost per signal.

Digital implementation of a system allows easy adjustment of the processor characteristics
during processing.

Linear phase characteristics can be achieved only with digital filters. Also multirate
processing is possible only in the digital domain. Digital circuits can be connected in cascade
without any loading problems, whereas this cannot be easily done with analog circuits.

Storage of digital data is very easy. Signals can be stored on various storage media such
as magnetic tapes, disks and optical disks without any loss. On the other hand, stored analog
signals deteriorate rapidly as time progresses and cannot be recovered in their original form.

Digital processing is more suited for processing very low frequency signals such as
seismic signals.

Though the advantages are many, there are some drawbacks associated with processing
a signal in digital domain. Digital processing needs ‘pre’ and ‘post’ processing devices like
analog-to-digital and digital-to-analog converters and associated reconstruction filters. This
increases the complexity of the digital system. Also, digital techniques suffer from frequency
limitations. Digital systems are constructed using active devices which consume power
whereas analog processing algorithms can be implemented using passive devices which do
not consume power. Moreover, active devices are less reliable than passive components. But
the advantages of digital processing techniques outweigh the disadvantages in many
applications. Also the cost of DSP hardware is decreasing continuously. Consequently, the
applications of digital signal processing are increasing rapidly.

The digital signal processor may be a large programmable digital computer or a small
microprocessor programmed to perform the desired operations on the input signal. It may
also be a hardwired digital processor configured to perform a specified set of operations on
the input signal.

DSP has many applications. Some of them are: Speech processing, Communication,
Biomedical, Consumer electronics, Seismology and Image processing.

The block diagram of a DSP system is shown in Figure 1.1.

A/D D'1 gital D/A
—> > signal > o
Analog input |  Converter Digital | processor Digital Converter | Apalog output
signal input output signal
signal signal

Figure 1.1 Block diagram of a digital signal processing system.

In this book we discuss only about discrete one-dimensional signals and consider only
single-input and single-output discrete-time systems. In this chapter, we discuss about various
basic discrete-time signals available, various operations on discrete-time signals and
classification of discrete-time signals and discrete-time systems.
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1.2 REPRESENTATION OF DISCRETE-TIME SIGNALS

Discrete-time signals are signals which are defined only at discrete instants of time. For
those signals, the amplitude between the two time instants is just not defined. For discrete-
time signal the independent variable is time n, and it is represented by x(n).

There are following four ways of representing discrete-time signals:

1. Graphical representation
2. Functional representation
3. Tabular representation

4. Sequence representation

1.2.1 Graphical Representation

Consider a signal x(n) with values
x(-2)==-3, x(-1)=2, x(0)=0, x(1)=3, x(2)=1 and x(3)=2

This discrete-time signal can be represented graphically as shown in Figure 1.2.

x(n)e 3
2 2
L] 1T :
-1 o9 1 2 3 n

Figure 1.2 Graphical representation of discrete-time signal.

1.2.2  Functional Representation

In this, the amplitude of the signal is written against the values of n. The signal given in
section 1.2.1 can be represented using the functional representation as follows:

-3 forn=-2

2 forn=-1

0 forn=0
x(n)=

3 forn=1

1 forn=2

2 forn=3
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Another example is:
x(n) = 2"u(n)

2" forn=0
or x(n):
0 forn<O

1.2.3 Tabular Representation

In this, the sampling instant » and the magnitude of the signal at the sampling instant are
represented in the tabular form. The signal given in section 1.2.1 can be represented in
tabular form as follows:

n |-2[-1[0]|1(2]3
x(n) |=-3] 2103|112

1.2.4 Sequence Representation

A finite duration sequence given in section 1.2.1 can be represented as follows:

-3,2,0,3,1,2
=[P

..2,3,0,1,-2,...
o=

The arrow mark T denotes the n = 0 term. When no arrow is indicated, the first term
corresponds to n = 0.

So a finite duration sequence, that satisfies the condition x(n) = 0 for n < 0 can be
represented as:

Another example is:

x(n) =1{3,5,2,1,4,7}

Sum and product of discrete-time sequences

The sum of two discrete-time sequences is obtained by adding the corresponding elements of
sequences

{C,}={a,}+{b,} — C,=a,+Db,

The product of two discrete-time sequences is obtained by multiplying the corresponding
elements of the sequences.

{C,}=1{a,}{b,} — C,=a,b,
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The multiplication of a sequence by a constant k is obtained by multiplying each element of
the sequence by that constant.

{C,}=kla,} — C,=ka,

1.3 ELEMENTARY DISCRETE-TIME SIGNALS

There are several elementary signals which play vital role in the study of signals and
systems. These elementary signals serve as basic building blocks for the construction of more
complex signals. Infact, these elementary signals may be used to model a large number of
physical signals, which occur in nature. These elementary signals are also called standard
signals.

The standard discrete-time signals are as follows:

Unit step sequence

Unit ramp sequence

Unit parabolic sequence

Unit impulse sequence
Sinusoidal sequence

Real exponential sequence
Complex exponential sequence

NN hA LD =

1.3.1 Unit Step Sequence

The step sequence is an important signal used for analysis of many discrete-time systems. It
exists only for positive time and is zero for negative time. It is equivalent to applying a
signal whose amplitude suddenly changes and remains constant at the sampling instants
forever after application. In between the discrete instants it is zero. If a step function has
unity magnitude, then it is called unit step function.

The usefulness of the unit-step function lies in the fact that if we want a sequence to
start at n = 0, so that it may have a value of zero for n < 0, we only need to multiply the
given sequence with unit step function u(n).

The discrete-time unit step sequence u(n) is defined as:

1 forn=0
u(n) =
0 for n<O

The shifted version of the discrete-time unit step sequence u(n — k) is defined as:
1 forn=k
uln—k)=
0 for n<k

It is zero if the arugment (n — k) < 0 and equal to 1 if the arugment (n — k) = 0.
The graphical representation of u(n) and u(n — k) is shown in Figure 1.3[(a) and (b)].
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u(n —k)
1u(n) ‘ 1
R N 0 A e rrrre
3 2-10 1 2 3 n o1 2 ko k+l k+2 k+3 n
(a) (b)

Figure 1.3 Discrete-time (a) Unit step function (b) Shifted unit step function.

1.3.2 Unit Ramp Sequence

The discrete-time unit ramp sequence r(n) is that sequence which starts at n = 0 and
increases linearly with time and is defined as:

n forn=0
r(n)=
0 for n<O

or r(n) = nu(n)

It starts at n = 0 and increases linearly with n.
The shifted version of the discrete-time unit ramp sequence r(n — k) is defined as:

n—k for n>k
r(n—k)=
0 for n<k

or rmn—k)=m—-k) uln - k)
The graphical representation of r(n) and r(n — 2) is shown in Figure 1.4[(a) and (b)].

4 4
r(n) 3 rn-2) 3
2 2
Tl Tl
5550 1 2 3 4 M 10 1 2 3 4 5 6
(@) (b)

Figure 1.4 Discrete-time (a) Unit ramp sequence (b) Shifted ramp sequence.

1.3.3  Unit Parabolic Sequence

The discrete-time unit parabolic sequence p(n) is defined as:

2

- or n
l:(‘l)

0 for n<0
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2
or p(n) = % u(n)

The shifted version of the discrete-time unit parabolic sequence p(n — k) is defined as:

(n—k)*
P78 for nzk
D= k) = 5 or n
0 for n<k
— k)2
or pin—ky=" 2) u(n — k)

The graphical representation of p(n) and p(n — 3) is shown in Figure 1.5[(a) and (b)].

p(n) p(n—3)

L L »

-3 -2-101 2 3 4 n 01 2 3 4 5 6 7 n
(a) (b)

Figure 1.5 Discrete-time (a) Parabolic sequence (b) Shifted parabolic sequence.

1.3.4  Unit Impulse Function or Unit Sample Sequence

The discrete-time unit impulse function &(n), also called unit sample sequence, is defined as:

1 for n=0
o(n)=
0 fornz0

This means that the unit sample sequence is a signal that is zero everywhere, except at n = 0,
where its value is unity. It is the most widely used elementary signal used for the analysis of
signals and systems.

The shifted unit impulse function §(n — k) is defined as:

1 for n=k

d(n—k)=
(n=k) {0 for n2k

The graphical representation of &(n) and &(n — k) is shown in Figure 1.6[(a) and (b)].



8 22 Digital Signal Processing

IIS(n) 5(n—3)Il

2 -1 0 1 2 7 2 -1 0 1 2 3 4 n
(@) (b)

Figure 1.6 Discrete-time (a) Unit sample sequence (b) Delayed unit sample sequence.

Properties of discrete-time unit sample sequence

1 8= | 2 Snoky=i forn=k
. n)y=un)—un-1) . (n—k)= 0 for nsk
3. x(n)= Y, x(k)S(n—k) 4% x(n)8(n—ny) = x(ny)

k=—oo n=—oo

Relation between the unit sample sequence and the unit step sequence

The unit sample sequence &(n) and the unit step sequence u(n) are related as:

u(n) = zn:5(m), dS(n)=u@) — u(n — 1)

m=0

1.3.5 Sinusoidal Sequence

The discrete-time sinusoidal sequence is given by
x(n) = A sin(an + ¢)

where A is the amplitude, @ is angular frequency, ¢ is phase angle in radians and » is an integer.
The period of the discrete-time sinusoidal sequence is:

N=—m
0]

where N and m are integers.

All continuous-time sinusoidal signals are periodic, but discrete-time sinusoidal
sequences may or may not be periodic depending on the value of .

For a discrete-time signal to be periodic, the angular frequency @ must be a rational multiple
of 2x. The graphical representation of a discrete-time sinusoidal signal is shown in Figure 1.7.

‘ x(n) = A sin (wn + @)

Ml ﬂHth il ;
i

-—
—
—
Pl a—
-— 1
(—
P—
pe—
-—
—
-—
— |
— 1
- |
P—
pe—

N

Figure 1.7 Discrete-time sinusoidal signal.
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1.3.6 Real Exponential Sequence

The discrete-time real exponential sequence " is defined as:
x(n) = a" for all n

Figure 1.8 illustrates different types of discrete-time exponential signals.
When a > 1, the sequence grows exponentially as shown in Figure 1.8(a).
When 0 < a < 1, the sequence decays exponentially as shown in Figure 1.8(b).
When a < 0, the sequence takes alternating signs as shown in Figure 1.8[(c) and (d)].

xmy=a"  g>1 xm=d"  0<a<l
e 1] I X ‘ . { X I I, .
2-10123 4 56 n 4-3-2-1012 n
(@ (b)
xn)=a"  g<-1 x(n)=a" -1<a<0

-
-
-
- |
Sy
- |
Pa—
-1
-~
-
R4

() (d)

Figure 1.8 Discrete-time exponential signal a” for @ a > 1 (b)0 < a <1 (©)a < -1(d) -1 <a < 0.

1.3.7 Complex Exponential Sequence

The discrete-time complex exponential sequence is defined as:
x(n) = "/ @9
=d" cos(myn + ¢) + ja" sin(ayn + ¢)

For lal = 1, the real and imaginary parts of complex exponential sequence are sinusoidal.

For lal > 1, the amplitude of the sinusoidal sequence exponentially grows as shown in
Figure 1.9(a).

For lal < 1, the amplitude of the sinusoidal sequence exponentially decays as shown in
Figure 1.9(b).

EXAMPLE 1.1 Find the following summations:

(a) i e 8(n-3) (b) i5(n—2)cos3n

n=-—oo n=—oo
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Y x(n) = a0 a>1

(b)

Figure 1.9 Complex exponential sequence x(n) = a"e/®"*# for @ a > 1 (b) a < 1.

oo

© Y n’s(n+4) @ 3 (-2

n=—-co n=—co

(e) i Sn+1)4"

n=0
Solution:
(a) Given Y " 8(n-3)
1 for n=3
We know that 6(n-3)=
0 elsewhere
Y e"5(n-3)=[e"],.s=¢
(b) Given > 8(n—2)cos3n
1 forn=2
We know that o(n—-2)=
0 elsewhere

2 d(n—2)cos3n=[cos3n],_, =cos6

n=—oo

o R 11“1 11“1
(a)

1™ @+ o g<1

M h rThf “TTT,:”“‘:.?TMQ -
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oo

(c) Given Y n’(n+4)
1 forn=-4
We know that o(n+4)=
0 elsewhere
> n?S(n+4)=[n*],., =16
(d) Given S S(n-2)e"
1 forn=2
We know that o(n—-2)=
0 elsewhere
2 6(n-2) 6"2 = [6”2 e = 622 =e*
(e) Given 2 d(n+1)4"
n=0
1 for n=-1
We know that S(n+l)=
0 for n#-1

i Sn+1)4"=0

n=0

1.4 BASIC OPERATIONS ON SEQUENCES

When we process a sequence, this sequence may undergo several manipulations involving
the independent variable or the amplitude of the signal.
The basic operations on sequences are as follows:

Time shifting

Time reversal

Time scaling
Amplitude scaling
Signal addition
Signal multiplication

Al

The first three operations correspond to transformation in independent variable n of a
signal. The last three operations correspond to transformation on amplitude of a signal.

1.4.1 Time Shifting

The time shifting of a signal may result in time delay or time advance. The time shifting
operation of a discrete-time signal x(n) can be represented by
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y(n) = x(n - k)

This shows that the signal y(n) can be obtained by time shifting the signal x(n) by k units. If
k is positive, it is delay and the shift is to the right, and if k is negative, it is advance and the
shift is to the left.

An arbitrary signal x(n) is shown in Figure 1.10(a). x(n — 3) which is obtained by
shifting x(n) to the right by 3 units (i.e. delay x(n) by 3 units) is shown in Figure 1.10(b).
x(n + 2) which is obtained by shifting x(n) to the left by 2 units (i.e. advancing x(n) by
2 units) is shown in Figure 1.10(c).

x(n)

3-2-101 23 456 n 2-101 23 456 7 n
(@) (b)

w e
ne
R 4

Figure 1.10 (a) Sequence x(n) (b) x(n — 3) (c) x(n + 2).

1.4.2 Time Reversal

The time reversal also called time folding of a discrete-time signal x(n) can be obtained by
folding the sequence about n = 0. The time reversed signal is the reflection of the original
signal. It is obtained by replacing the independent variable n by —n. Figure 1.11(a) shows an
arbitrary discrete-time signal x(n), and its time reversed version x(—n) is shown in Figure 1.11(b).
Figure 1.11[(c) and (d)] shows the delayed and advanced versions of reversed signal x(—n).

The signal x(—n + 3) is obtained by delaying (shifting to the right) the time reversed
signal x(-n) by 3 units of time. The signal x(-n — 3) is obtained by advancing (shifting to the
left) the time reversed signal x(-n) by 3 units of time.

Figure 1.12 shows other examples for time reversal of signals.

EXAMPLE 1.2 Sketch the following signals:

(@ u(n+2)u(-n+3) (b)) x(n)=u(n+4)—un-2)
Solution:
(a) Given x(n)=u(n+2)u(—n+3)

The signal u(n + 2) u(—n + 3) can be obtained by first drawing the signal u(n + 2)
as shown in Figure 1.13(a), then drawing u(-n + 3) as shown in Figure 1.13(b),
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-3 2-1 0 1 2 3 4 5 n -8 -7-6 5-4-3-2-11 2 n
() (d)

Figure 1.11 (a) Original signal x(n) (b) Time reversed signal x(-n) (c) Time reversed and delayed
signal x(=n+3) (d) Time reversed and advanced signal x(-n — 3).

x,(n) x,(=n)

2 @2 Original signal 202 Time reversed
signal

3@ x(n) X,(—n)

2 Time reversed
1 signal

2 2 Original signal 2

] :

-3 2 -1 0 1 2

-4 3 -2 -1 0 1 2 3 n
(©) (d)

Figure 1.12 Time reversal operations.

(O8]
N )
Y

and then multiplying these sequences element by element to obtain u(n + 2) u(-n + 3)
as shown in Figure 1.13(c).

x(n) =0 for n<-2 and n>3;x(n)=1 for 2<n<3

(b) Given x(n) = un +4) —uln - 2)
The signal u(n + 4) — u(n — 2) can be obtained by first plotting u(n + 4) as shown
in Figure 1.14(a), then plotting u(n — 2) as shown in Figure 1.14(b), and then
subtracting each element of u(n — 2) from the corresponding element of u(n + 4) to
obtain the result shown in Figure 1.14(c).



14 =2 Digital Signal Processing

J
J

_
e
e
e
e
e
e
e
4

-4 -3 -2 -1 0 1 2 3 4 n
(a)
u(-n+ 3)

-3 2 -1 0 1 2 3 ;

(b)
u(n + 2) u(-n + 3)

-4 3 2 -1 0 1 2 3 4 5 n
()

Figure 1.13 Plots of @) u(n + 2) (b) u=n + 3) () u(n + 2)u(=n + 3).

un +4)
Trrrrrts

% 5 4 3 2 1.0 1 2 3 "

(a)
u(n —2)
1 DY

6 5 4 3 2 -1 0 1 2 3 4 5 n

(b)

un+4)—uln-2)

R 1 I B :

-6 5 4 3 2 -1 0 1 2 3 n
(©

Figure 1.14 Plots of @) u(n + 4) (b) u(n — 2) () u(n + 4) — u(n - 2).

1.4.3 Amplitude Scaling

The amplitude scaling of a discrete-time signal can be represented by

y(n) = ax(n)
where a is a constant.

The amplitude of y(n) at any instant is equal to a times the amplitude of x(n) at that
instant. If a > 1, it is amplification and if a < 1, it is attenuation. Hence the amplitude is
rescaled. Hence the name amplitude scaling.

Figure 1.15(a) shows a signal x(n) and Figure 1.15(b) shows a scaled signal y(n) = 2x(n).
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4 4
x(n) y(n) =2x(n)
2
Tl
10 1 n 10 1 "
(a) (b)

Figure 1.15 Plots of (a) Signal x(n) (b) y(n) = 2x(n).

1.4.4 Time Scaling

Time scaling may be time expansion or time compression. The time scaling of a discrete-
time signal x(n) can be accomplished by replacing n by an in it. Mathematically, it can be
expressed as:

y(n) = x(an)

When a > 1, it is time compression and when a < 1, it is time expansion.
Let x(n) be a sequence as shown in Figure 1.16(a). If a = 2, y(n) = x(2n). Then

y(0)=x(0) =1
YD) =x(=2) =3
y=2)=x(-4)=0
y()=x2) =3
y2)=x(4) =0
and so on.
So to plot x(2n) we have to skip odd numbered samples in x(n).
We can plot the time scaled signal y(n) = x(2n) as shown in Figure 1.16(b). Here the
signal is compressed by 2.
If a = (1/2), y(n) = x(n/2), then

¥(0) = x(0) = 1
¥(2) = x(1) =2
Y4 =x(2) =3
¥(6) = x(3) = 4
¥(8) = x(4) = 0

y=2)=x(-1) =2
y4)=x(=2) =3
y(=6) = x(-3) = 4
Y8 =x(-4) =0
We can plot y(n) = x(n/2) as shown in Figure 1.16(c). Here the signal is expanded by 2.

All odd components in x(n/2) are zero because x(n) does not have any value in between the
sampling instants.
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o4 o4

3 e3 ®3 x(2n) 3

x(n)
2 2
r [1
4 3 2 1 0 1 2 3 4 n 2 -1 0 1 2 n

(@) (b)

®4 L YA
3 o3

2 x(n/2) 2

1 T

7 6 -5 4 3 =2 -1 0 1 2
(©)

we
~
e
[o)}
~Ne
N 4

Figure 1.16 Discrete-time scaling (a) Plot of x(n) (b) Plot of x(2n) (c) Plot of x(n/2).

Time scaling is very useful when data is to be fed at some rate and is to be taken out
at a different rate.

1.4.5 Signal Addition

In discrete-time domain, the sum of two signals x;(n) and x,(n) can be obtained by adding
the corresponding sample values and the subtraction of x,(n) from x;(n) can be obtained by
subtracting each sample of x,(n) from the corresponding sample of x;(n) as illustrated below.

If x(m) = {1,2,3,1,5) and x(n) = {2, 3,4, 1, -2}
Then  x(n) +x(m) ={1+2,2+3,3+4, 1+1,5-2}=1{3,5,7,2, 3}
and xi(n) —xo(m) = {1 -2,2-3,3-4,1-1,5+2} ={1, -1, 1,0, 7}

1.4.6 Signal Multiplication

The multiplication of two discrete-time sequences can be performed by multiplying their
values at the sampling instants as shown below.
If xi(n) = {1, -3,2,4, 1.5} and x(n) = {2, -1, 3, 1.5, 2}
Then X (n) x,(n) ={1x2,-3x-1,2x3,4x%x1.5,1.5%x2}
={2,3,6,6,3}
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EXAMPLE 1.3 Express the signals shown in Figure 1.17 as the sum of singular functions.
x(n) x(n)

| O B I R

4 3 2 -1 0 1 2 3
(a) (b)

N

|
—
(e}
—
)
w
~
W
o
N

S

Figure 1.17 Waveforms for Example 1.3.

Solution:
(a) The given signal shown in Figure 1.17(a) is:

x(M=0n+2)+d(n+1)+é(n)+d(n-1)

0 for n<-3
x(n)=41 for —2<n<l1
0 forn=2

x(n)=un+2)—un-2)
(b) The signal shown in Figure 1.17(b) is:
x(n)=0(n—=-2)+6(n=-3)+o(n—4)+o6(n->5)

0 for n<l1
x(n)=41 for 2<n<5
0 forn=>6

x(n)=u(n—2) —u(n — 6)

1.5 CLASSIFICATION OF DISCRETE-TIME SIGNALS

The signals can be classified based on their nature and characteristics in the time domain.
They are broadly classified as: (i) continuous-time signals and (ii) discrete-time signals.

The signals that are defined for every instant of time are known as continuous-time
signals. The continuous-time signals are also called analog signals. They are denoted by x(z).
They are continuous in amplitude as well as in time. Most of the signals available are
continuous-time signals.

The signals that are defined only at discrete instants of time are known as discrete-time
signals. The discrete-time signals are continuous in amplitude, but discrete in time. For discrete-
time signals, the amplitude between two time instants is just not defined. For discrete-time
signals, the independent variable is time n. Since they are defined only at discrete instants of
time, they are denoted by a sequence x(n7) or simply by x(n) where n is an integer.

Figure 1.18 shows the graphical representation of discrete-time signals. The discrete-
time signals may be inherently discrete or may be discrete versions of the continuous-time
signals.
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A x(n)
)

I OO P
[T

(a) (b)

A x(n)

6

|
\S)
|
—_
S
—
NS}
S
=)
Sy

Figure 1.18 Discrete-time signals.

Both continuous-time and discrete-time signals are further classified as follows:

Deterministic and random signals
Periodic and non-periodic signals
Energy and power signals
Causal and non-causal signals
Even and odd signals

M NS

1.5.1 Deterministic and Random Signals

A signal exhibiting no uncertainty of its magnitude and phase at any given instant of time is
called deterministic signal. A deterministic signal can be completely represented by
mathematical equation at any time and its nature and amplitude at any time can be predicted.

Examples: Sinusoidal sequence x(n) = cos @n, Exponential sequence x(n) = ¢, ramp
sequence x(n) = an.

A signal characterized by uncertainty about its occurrence is called a non-deterministic
or random signal. A random signal cannot be represented by any mathematical equation. The
behaviour of such a signal is probabilistic in nature and can be analyzed only stochastically.
The pattern of such a signal is quite irregular. Its amplitude and phase at any time instant
cannot be predicted in advance. A typical example of a non-deterministic signal is thermal noise.

1.5.2 Periodic and Non-periodic Sequences

A signal which has a definite pattern and repeats itself at regular intervals of time is called a
periodic signal, and a signal which does not repeat at regular intervals of time is called a
non-periodic or aperiodic signal.

A discrete-time signal x(n) is said to be periodic if it satisfies the condition x(n) = x(n + N)
for all integers n.

The smallest value of N which satisfies the above condition is known as fundamental
period.
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If the above condition is not satisfied even for one value of n, then the discrete-time

signal is aperiodic. Sometimes aperiodic signals are said to have a period equal to infinity.
The angular frequency is given by

o
N

. 2r
Fundamental period N="2
)
The sum of two discrete-time periodic sequences is always periodic.

Some examples of discrete-time periodic/non-periodic signals are shown in Figure 1.19.

rmlullﬁrlulrm 1111

x(n)

- el Tl AT

|<—N ;l 0 T n
(a) (b)

Figure 1.19 Examples of discrete-time: (a) Periodic and (b) Non-periodic signals.

EXAMPLE 1.4 Show that the complex exponential sequence x(n) = /" is periodic only
if @y27 is a rational number.

Solution: Given x(n) = "
x(n) will be periodic if x(n + N) = x(n)
ie. /1@ +N)] _ , jwon
ie. e/ PN gJ®on = j®on
This is possible only if e/®N = 1
This is true only if woN = 27k

where k is an integer.
o, k .
— = — Rational number
2r N

This shows that the complex exponential sequence x(n) = e/®0" is periodic if @y/27 is a
rational number.
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EXAMPLE 1.5 Let x(f) be the complex exponential signal, x(f) = /0" with radian
frequency @y and fundamental period 7' = 27/ ay. Consider the discrete-time sequence x(n)
obtained by the uniform sampling of x(¢) with sampling interval 7|, i.e.,

x(n) = x(nT,) = ™'

Show that x(n) is periodic if the ratio of the sampling interval 7| to the fundamental period T
of x(t), i.e., T,/T is a rational number.

Solution: Given x(t) = e/®0!
x(n) = x(nT,) = ™"

where T, is the sampling interval. Then,

2r

Fundamental period T = —
@

2r

“ =7

If x(n) is periodic with the fundamental period N, then

x(n + N) = x(n)
i.e. IV, _ ey
i,e‘ ejnwOTv eijOTv - ej”w()Ty
This is true only if eNwTs _ |
Le. NwoT, = 2wm
where m is a positive integer.
. 2r
LE. N—T. =2nm

T N
T,

s m :
— = N = Rational number

T
This shows that x(n) is periodic if the ratio of the sampling interval to the fundamental
period of x(t), T,/T is a rational number.

EXAMPLE 1.6 Obtain the condition for discrete-time sinusoidal signal to be periodic.

Solution: In case of continuous-time signals, all sinusoidal signals are periodic. But in
discrete-time case, not all sinusoidal sequences are periodic.
Consider a discrete-time signal given by

x(n) = A sin (wyn + 6)

where A is amplitude, @y is frequency and 6 is phase shift.
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A discrete-time signal is periodic if and only if
x(n) = x(n + N) for all n
Now, x(n + N) = A sinfay(n + N) + 0)] = A sin(wpn + 8 + aN)

Therefore, x(n) and x(n + N) are equal if @yN = 2mm. That is, there must be an integer m
such that

2rm m
Wy =——=21|—
N N

or N=2r {ﬂ}
@

From the above equation we find that, for the discrete-time signal to be periodic, the

fundamental frequency @ must be a rational multiple of 2. Otherwise the discrete-time

signal is aperiodic. The smallest value of positive integer N, for some integer m, is the

fundamental period.

EXAMPLE 1.7 Determine whether the following discrete-time signals are periodic or not.
If periodic, determine the fundamental period.

(a) sin (0.027n) (b) sin (57n)
(c) cos 4n (d) sin 27n + cos 27n
3 5
n nrw V3
e) cos|—|cos| — cos| —+0.3n
© on(g)on(g) © ox(F020
(g) ej(ﬂ/2)” (h) 1+ej2ﬂ:n/3 _ej4ﬂ'n/7
Solution:
(a) Given x(n) = sin(0.027zn)
Comparing it with x(n) = sin(27xfn)
.02 1
we have 0027 =21f or f="92% _po1= =K
2r 100 N

Here f is expressed as a ratio of two integers with k = 1 and N = 100. So it is rational.
Hence the given signal is periodic with fundamental period N = 100.

(b) Given x(n) = sin(57n)
Comparing it with x(n) = sin(2xfn)

5 k

we have 2xf =5 or =—=—

f f T
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Here f is a ratio of two integers with k = 5 and N = 2. Hence it is rational. Hence the
given signal is periodic with fundamental period N = 2.

(c) Given x(n) = cos 4n
Comparing it with x(n) = cos 2xfn
2
we have 2gf=4 or f=—
i1

Since f = (2/m) is not a rational number, x(7n) is not periodic.

. .2 2
(d) Given x(n) =sin n + cos n
3 5
Comparing it with x(n)=sin 2xfin + cos 2xwfon
2r 1 k
we have 2nf, =" or =—=_1
h 3 U 3 N
N1 =3
2r 1
and 2nfyn=— or =—
f 5 f 5
N2 =5
N3 . , L ,
Since " = — is a ratio of two integers, the sequence x(n) is periodic. The period of

2
x(n) is the LCM of N, and N,. Here LCM of N; = 3 and N, = 5 is 15. Therefore, the
given sequence is periodic with fundamental period N = 15.

(e) Given x(n) =cos (zj cos (ﬂj
6 6
Comparing it with x(n) = cos (2mfin) cos (2xf,n)
n 1
we have 2nfin=— or =—
Y 6 Y 127
which is not rational.
nr 1
And 2nfon=—or =—
fan 6 Ip) 12

which is rational.
Thus, cos (n/6) is non-periodic and cos (n7/6) is periodic. x(n) is non-periodic
because it is the product of periodic and non-periodic signals.

(f) Given x(n) = cos (% + O.3nj
Comparing it with x(n) =cos 2xfn+0)

we have 2xfn = 0.3n and phase shift 8 =%
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033

S = o = 20m

which is not rational.
Hence, the signal x(n) is non-periodic.

(g) Given x(n) = /@2
Comparing it with x(n) = /2"

T 1k

we have mf=2 or _1_k

173 T=4=N

which is rational.
Hence, the given signal x(n) is periodic with fundamental period N = 4.

(h) Given x(n)=1+ ej27rn/3 _ ej47rn/7
Let x(n)=1+ el2mnI3 _ pjdmnlT _ x,(n) + x5 (n) + x5(n)
where x(m=1, x,(n)=e>™3 and x,(n)=e*™"

xiy(n) =1 1is a d.c. signal with an arbitrary period N; = 1

27r—n—27rfn or f. Lk where N, = 3
3 2 2737 N, g

Hence x,(n) is periodic with period N, = 3.

dmn 2k 7
——=2nfn or =Z=23 where N,=—
7 /3 Ve 7 375

3

Now, ﬂz l= Rational number
N,
&sz % = Rational number
Ny 772 7
7 21
The LCM of Nl,Nz,N3=5><3=?

The given signal x(n) is periodic with fundamental period N = 10.5.

1.5.3 Energy and Power Signals

Signals may also be classified as energy signals and power signals. However there are some
signals which can neither be classified as energy signals nor power signals.
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The total energy E of a discrete-time signal x(n) is defined as:
< 2
£= 3 oo
and the average power P of a discrete-time signal x(n) is defined as:
N

P= Lt ! 2 |x(n)|2

CNSw 2N+ Hee N

1 n—1
or P= ﬁz |x(n)|2 for a digital signal with x(n) = 0 for n < 0.
n=0

A signal is said to be an energy signal if and only if its total energy E over the interval
(= oo, o) is finite (i.e., 0 < E < oo). For an energy signal, average power P = 0. Non-periodic
signals which are defined over a finite time (also called time limited signals) are the
examples of energy signals. Since the energy of a periodic signal is always either zero or
infinite, any periodic signal cannot be an energy signal.

A signal is said to be a power signal, if its average power P is finite (i.e., 0 < P < o). For
a power signal, total energy E = oo. Periodic signals are the examples of power signals.
Every bounded and periodic signal is a power signal. But it is true that a power signal is not
necessarily a bounded and periodic signal.

Both energy and power signals are mutually exclusive, i.e. no signal can be both
energy signal and power signal.

The signals that do not satisfy the above properties are neither energy signals nor
power signals. For example, x(n) = u(n), x(n) = nu(n), x(n) = n*u(n).

These are signals for which neither P nor E are finite. If the signals contain infinite
energy and zero power or infinite energy and infinite power, they are neither energy nor
power signals.

If the signal amplitude becomes zero as Inl — eo, it is an energy signal, and if the
signal amplitude does not become zero as Inl — oo, it is a power signal.

EXAMPLE 1.8 Find which of the following signals are energy signals, power signals,
neither energy nor power signals:

() (ljn u(n) (b) ej[(?r/3)n+(n‘/2)]
2
(¢) sin (% nj (d) u(n)—u(n—6)
(e) nu(n) ) r(n)—r(n-4)
Solution:

(a) Given x(n)= (%) u(n)
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N
Energy of the signal E= Lt 2 |x(n)|2
N—>eo n=—N

N 1 n 2
gy (5] u(n)

(1Y 1 4
=2 —| =————=— joule
(4] 1-(1/4) 3

1 0l 2
Power of the signal P= Lt x(n
£ N%2N+1nZ x|

=N

1 Yy
= It >i=
N—=2N+1 3\ 4

_ N+
- Lt 1 1-(1/4)
N—oe 2N +1| 1-(1/4)
=0
The energy is finite and power is zero. Therefore, x(n) is an energy signal.

(b) Given x(n) = /1IN HE2
Noo. 2
Energy of the signal E= Lt 2 ‘e’[(”/ 3+ (/2]
N—co
n=—N
N
= It 1
N—co 2
n=—N

= Lt [2N+1]=00
N—co

2

N
Power of the signal P = Lt ! z ‘ej[(”/3)"+(ﬁ/2)]
N—eo 2N +1 7=

N

1
= Lt 1
N—es 2N +1 n:z_“zv

= Lt
N—ew 2N +1

[2N +1]=1 watt

The energy is infinite and the power is finite. Therefore, it is a power signal.
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(c) Given x(n)=sin (% nj

N
Energy of the signal E= Lt z sin’ (%nj

N—>ec0 e N

N
- L z 1—cos[(27 /3) n]

N—eo n=—N 2

1 N 27
=— Lt Z (1 — cos—nj

2 Noeo = 3

= o0

1 N
Power of the signal P= Lt 2 sin?| Zn
N—ow 2N +1 7 3

L 1 i 1—cos[(27/3) n]
Now 2N +1 5 2

1 1
— Lt [2N +1]=— watt
2 N>« 2N +1 2

The energy is infinite and power is finite. Therefore, it is a power signal.
(d) Given x(n) = u(n) — u(n — 6)
N
Energy of the signal E= Lt Z [u(n) —u(n — 6)]2
N—co e N

5
= Lt 1=6 joule
0

N—co —
Power of the signal P= Lt ! i [u(n) — u(n — 6)]°
owe = u(n) —u(n —
£ NS 2N +1

n=—N

1 5
= Lt > 1=0
N—w 2N +1 25

Energy is finite and power is zero. Therefore, it is an energy signal.
(e) Given x(n) = nu(n)

N
Energy of the signal £ = Lt 2 [n)* u(n)
N—see n=—N
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N
= Lt g
N%%[n ]

= &0

1 N
> [n] u(n)

=N

Power of the signal P= Lt
Now 2N +1

N

>

n=0

= Lt
N—eo 2N +1

Energy is infinite and power is also infinite. Therefore, it is neither energy signal
nor power signal.

(f) Given x(n) =r(n) —r(n — 4)

N
Energy of the signal E= Lt Y, [r(n)—r(n—4HT
N—co ne—N

4 N
= Lt {2 n+ (4)2}
n=0 n=>5

N—co

N
> [rmy—r(n—-47r

n=—N

(I R TERNE I
= Lt + 4
N—>°<>2N+1|;§)n 2@

1
Power of the signal P= Lt
N—eo 2N +1

n=5

=8 watt

Energy is infinite and power is finite. Therefore, it is a power signal.

EXAMPLE 1.9 Find whether the signal

n® 0<n<3

10—-n 4<n<6
x(n) =

n 7<n<9

0 otherwise

is a power signal or an energy signal. Also find the energy and power of the signal.

Solution: The given signal is a non-periodic finite duration signal. So it has finite energy
and zero average power. So it is an energy signal.
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Energy of the signal E = i |x(n)|2

3 6 9
= (*)Y + >, (10-n) + Y (n)’
n=0 n=4 n=7
3 6 9
=Y n'+ Y (100+n” -20n)+ > n’
n=0 n=4 n=7

=0+1+16+81)+(36+25+16)+(49+64+81)

=369 <o joule

. |
Power of the signal P= Lt 2 |x(n)|2
N—ow 2N +1 =

2( >+2(10 n)* +2(n>

N—> 2N +1

= Lt
N—o 2N +1

[369]=0
Here energy is finite and power is zero. So it is an energy signal.

1.5.4 Causal and Non-causal Signals

A discrete-time signal x(n) is said to be causal if x(n) = 0 for n < 0, otherwise the signal is
non-causal. A discrete-time signal x(n) is said to be anti-causal if x(n) = 0 for n > 0.

A causal signal does not exist for negative time and an anti-causal signal does not exist
for positive time. A signal which exists in positive as well as negative time is called a
non-casual signal.

u(n) is a causal signal and u(—n) an anti-causal signal, whereas x(n) = 1 for -2 <n <3
is a non-causal signal.

EXAMPLE 1.10 Find which of the following signals are causal or non-causal.

@ xm)=un+4)—un-2) (b) x(n)=(%j u(n+2)—(%j un—4)
(©) x(n)=u(-n)
Solution:
(a) Given x(n) = u(n + 4) — u(n — 2)
The given signal exists from n = —4 to n = 1. Since x(n) # 0 for n < 0, it is

non-causal.
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(b) Given x(n)= (%) un+2)— (%) un-4)

The given signal exists for n < 0 also. So it is non-causal.

(¢) Given x(n) = u(-n)
The given signal exists only for n < 0. So it is anti-causal. It can be called
non-causal also.

1.5.5 Even and Odd Signals

Any signal x(n) can be expressed as sum of even and odd components. That is
x(n) = x,(n) + x,(n)

where x,(n) is even components and x,(n) is odd components of the signal.

Even (symmetric) signal
A discrete-time signal x(n) is said to be an even (symmetric) signal if it satisfies the condition:
x(n) = x(-n) for all n

Even signals are symmetrical about the vertical axis or time origin. Hence they are also
called symmetric signals: cosine sequence is an example of an even signal. Some even
signals are shown in Figure 1.20(a). An even signal is identical to its reflection about the
origin. For an even signal xy(n) = 0.

Odd (anti-symmetric) signal
A discrete-time signal x(n) is said to be an odd (anti-symmetric) signal if it satisfies the
condition:
x(—n) = —x(n) for all n
Odd signals are anti-symmetrical about the vertical axis. Hence they are called anti-

symmetric signals. Sinusoidal sequence is an example of an odd signal. For an odd signal
x.(n) = 0. Some odd signals are shown in Figure 1.20(b).

x(’n) x(n)
I I I I N —3—2—1T ! Tzr g
2-10 12 4, lll|123 n
W ()
?TT“T? o111 ?TThT? . T I ? T ! I ! .
-8 4 2 |0 2 4 8 n lll| llln
(@) (b)

Figure 1.20 (a) Even sequences (b) Odd sequences.



30 == Digital Signal Processing

Evaluation of even and odd parts of a signal

We have x(n)=x,(n) + x,(n)
x(-n)=x,(-n)+x,(-n)=x,(n) — x,(n)

x(n) + x(—n) = x,(n) + x,(n) + x,(n) — x,(n) = 2x,(n)
() = L)+ x(-m)]
x(n) — x(—=n) =[x,(n) + x,(n)] — [x,(n) — x, ()] =2x,(n)

1
x,(n)= ) [x(n) — x(=n)]

The product of two even or odd signals is an even signal and the product of even
signal and odd signal is an odd signal.
We can prove this as follows:

Let x(n) = x;(n) x,(n)
(a) If x;(n) and x,(n) are both even, i.e.
xi(=n) = x;(n)
and Xo(—=n) = x(n)
Then x(-n) = x;(-n)xx(-n) = x1(n)xy(n) = x(n)

Therefore, x(n) is an even signal.
If x;(n) and x,(n) are both odd, i.e.

x1(-n) = —xi(n)
and Xy(=n) = —xy(n)
Then x(-n) = xi(-mxa(-n) = [~x(W][-x2(n)] = x1(n)x2(n) = x(n)
Therefore, x(n) is an even signal.
(b) If x;(n) is even and x,(n) is odd, i.e.
x1(-n) = xi(n)
and Xo(—n) = —xy(n)
Then x(=n) = x1(=mxy(—n) = —x;(n)xx(n) = —x(n)
Therefore, x(n) is an odd signal.

Thus, the product of two even signals or of two odd signals is an even signal, and the
product of even and odd signals is an odd signal.

Every signal need not be either purely even signal or purely odd signal, but every
signal can be decomposed into sum of even and odd parts.
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EXAMPLE 1.11 Find the even and odd components of the following signals:

© x(m)= {5 4,3,2, 1} ) A(n)::{5,4,3,2,%}
Solution:
(a) Given sz?&L%_Q%

=—[-3+2,1-4,2+2,-4+1,2-3]

r—M

%ilil%i%ﬂ
1
x,(n) = —[x(n) = x(—=n)]

=—[-3-2,1+4,2-2,-4-1,2+3]

25250 2525}
(b) Given x(n) = {—2, 5.1 —3}
x(—n) = {—3, LS. —2}
&00=%nmo+m—m]

=—[2+0,5-3,1+1,-3+5,0-2]

-LL L1, q
1

x,(n)=

[x(n) = x(=n)]

=—[2-0,5+3,1-1,-3-5,0+2]

-1,4,0,—4, }
T
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(¢) Given x(n) = {?» 4,3,2, 1}
n= 0,1,2,3,4
x(n)= 5,4,3,2,1
T

x(—n)=1,2,3,4,5
T

1
x,(n)= 5 [x(n) + x(—n)]

=l[1,2,3,4,5+5,4,3,2,1]
2 1

_ {0.5, 1,1.5,2,5,2,15,1, 0.5}
1

1
) = Sn) = ()]
Ll o2,03,-4,5-5,4,3,2,1]
2 7

_ {—0.5, -1,-1.5,-2,0,2,1.5,1, 0.5}
- T

(d) Given x(n) = {5, 4,3,2, Tl}

n=-4,-3,-2,-1,0
x(n)=5,4,3,2,1
1

x(—n)= 1,2,3,4,5
T
1
X, (n)= 5 [x(n) + x(—n)]
1
=—[54,3,2,1+1,2,3,4,5]
2 )
=[2.5,2,15,1,1,1,1.5, 2, 2.5]
T
1
X,(n)= 5 [x(n) — x(=n)]

—Lis432,1-1,-2,-3,-4,-5]
2 T

= 1 [25,2,15,1,0,-1,-1.5,-2,-2.5]
2 T
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When the signal is given as a waveform

The even part of the signal can be found by folding the signal about the y-axis and adding
the folded signal to the original signal and dividing the sum by two. The odd part of the
signal can be found by folding the signal about y-axis and subtracting the folded signal from
the original signal and dividing the difference by two as illustrated in Figure 1.21.

e 5,00 = 20 + 3]
5 5
T,
2 2
XZTI 0s 1 I.ST T T T1.5 | 0s
| Py f K S
01 2 3 4 43 2 10 [ 2 3 4 n
(a) Original sequence (b) Even part
x(—n)
5 x,(n) = 2 [x() = x(-n)]
4
3 Z 15
2 L os
TITX 4 3 2 -1 TTT? N
43 2 10 " 3.4 1

Ll

-1. oy
(c) Folded sequence (d) Odd part

Figure 1.21 Graphical evaluation of even and odd parts.

1.6  CLASSIFICATION OF DISCRETE-TIME SYSTEMS

A system is defined as an entity that acts on an input signal and transforms it into an output
signal. A system may also be defined as a set of elements or functional blocks which are
connected together and produces an output in response to an input signal. The response or
output of the system depends on the transfer function of the system. It is a cause and effect
relation between two or more signals.

As signals, systems are also broadly classified into continuous-time and discrete-time
systems. A continuous-time system is one which transforms continuous-time input signals
into continuous-time output signals, whereas a discrete-time system is one which transforms
discrete-time input signals into discrete-time output signals.

For example microprocessors, semiconductor memories, shift registers, etc. are discrete-
time systems.

A discrete-time system is represented by a block diagram as shown in Figure 1.22. An
arrow entering the box is the input signal (also called excitation, source or driving function)
and an arrow leaving the box is an output signal (also called response). Generally, the input
is denoted by x(n) and the output is denoted by y(n).
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The relation between the input x(n) and the output y(n) of a system has the form:

y(n) = Operation on x(n)
Mathematically,
y(n) = Tlx(n)]
which represents that x(n) is transformed to y(n). In other words, y(n) is the transformed
version of x(n).

x(n) Discrete-time y(m)
Input system Output

Figure 1.22 Block diagram of discrete-time system.

Both continuous-time and discrete-time systems are further classified as follows:

Static (memoryless) and dynamic (memory) systems
Causal and non-causal systems

Linear and non-linear systems

Time-invariant and time varying systems

Stable and unstable systems.

Invertible and non-invertible systems

FIR and IIR systems

NN hA LD =

1.6.1 Static and Dynamic Systems

A system is said to be static or memoryless if the response is due to present input alone, i.e.,

for a static or memoryless system, the output at any instant n depends only on the input

applied at that instant n but not on the past or future values of input or past values of output.
For example, the systems defined below are static or memoryless systems.

y(n) = x(n)
y(n) = 2x*(n)

In contrast, a system is said to be dynamic or memory system if the response depends upon
past or future inputs or past outputs. A summer or accumulator, a delay element is a discrete-
time system with memory.

For example, the systems defined below are dynamic or memory systems.

y(n) = x(2n)
y(n) = x(n) + x(n - 2)
ym) + 4y(n — 1) + 4y(n — 2) = x(n)
Any discrete-time system described by a difference equation is a dynamic system.

A purely resistive electrical circuit is a static system, whereas an electric circuit having
inductors and/or capacitors is a dynamic system.
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A discrete-time LTI system is memoryless (static) if its impulse response h(n) is zero
for n # 0. If the impulse response is not identically zero for n # 0, then the system is called
dynamic system or system with memory.

EXAMPLE 1.12 Find whether the following systems are dynamic or not:

@ ym) =x(n +2) (b) y(n) = ¥*(n)
© ym) =x(n - 2) + x(n)
Solution:

(a) Given y(n) = x(n + 2)
The output depends on the future value of input. Therefore, the system is dynamic.

(b) Given y(n) = x*(n)
The output depends on the present value of input alone. Therefore, the system is
static.

(c) Given y(n) = x(n — 2) + x(n)

The system is described by a difference equation. Therefore, the system is dynamic.

1.6.2 Causal and Non-causal Systems

A system is said to be causal (or non-anticipative) if the output of the system at any instant
n depends only on the present and past values of the input but not on future inputs, i.e., for
a causal system, the impulse response or output does not begin before the input function is
applied, i.e., a causal system is non anticipatory.

Causal systems are real time systems. They are physically realizable.

The impulse response of a causal system is zero for n < 0, since &(n) exists only at n = 0,

i.e. h(n) =0 for n<0
The examples for causal systems are:
y(n) = nx(n)
yn) =x(n -2) +x(n—-1) + x(n)
A system is said to be non-causal (anticipative) if the output of the system at any instant n
depends on future inputs. They are anticipatory systems. They produce an output even before
the input is given. They do not exist in real time. They are not physically realizable.
A delay element is a causal system, whereas an image processing system is a non-causal

system.
The examples for non-causal systems are:

y(n) = x(n) + x(2n)
y(n) = xX2(n) + 2x(n + 2)
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EXAMPLE 1.13 Check whether the following systems are causal or not:

(@ ym=x(n)+x(n-2) (b) y(n) = x(2n)
(©) y(n) = sin[x(n)] (d) y(n) = x(-n)
Solution:

(a) Given y(n)=x(n) + x(n—2)
For n = -2 V(=2) = x(-2) + x(—4)
Forn =0 y(0) = x(0) + x(-2)
For n =2 y(2) =x(2) + x(0)
For all values of n, the output depends only on the present and past inputs.
Therefore, the system is causal.

(b) Given y(n) = x(2n)
For n = -2 y(=2) = x(—4)
Forn =0 ¥(0) = x(0)
For n = 2 ¥(2)=x(4)
For positive values of n, the output depends on the future values of input.
Therefore, the system is non-causal.

(c) Given y(n) = sin [x(n)]
For n = -2 y(=2) = sin [x(-2)]
For n =0 y(0) = sin [x(0)]
For n =2 y(2) =sin [x(2)]
For all values of n, the output depends only on the present value of input. Therefore,
the system is causal.

(d) Given y(n) = x(-n)
For n = -2 y(=2)=x(2)
Forn =20 ¥(0) = x(0)
For n =2 y(2) = x(-2)

For negative values of n, the output depends on the future values of input.
Therefore, the system is non-causal.

1.6.3 Linear and Non-linear Systems

A system which obeys the principle of superposition and principle of homogeneity is called

a linear

system and a system which does not obey the principle of superposition and

homogeneity is called a non-linear system.
Homogeneity property means a system which produces an output y(n) for an input x(n)
must produce an output ay(n) for an input ax(n).
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Superposition property means a system which produces an output y;(n) for an input
x1(n) and an output y,(n) for an input x,(n) must produce an output y;(n) + y,(n) for an input
x1(n) + xy(n).

Combining them we can say that a system is linear if an arbitrary input x;(n) produces
an output y;(n) and an arbitrary input x,(n) produces an output y,(n), then the weighted sum
of inputs ax;(n) + bx,(n) where a and b are constants produces an output ay;(n) + by,(n)
which is the sum of weighted outputs.

T(ax (n) + bxy(m)] = allx;(m)] + bT[xy(n)]

Simply we can say that a system is linear if the output due to weighted sum of inputs is
equal to the weighted sum of outputs.

In general, if the describing equation contains square or higher order terms of input
and/or output and/or product of input/output and its difference or a constant, the system will
definitely be non-linear.

Few examples of linear systems are filters, communication channels etc.

EXAMPLE 1.14 Check whether the following systems are linear or not:

(@ y(n)=n’x(n) @)ﬂm:ﬁm+5&t5
(© ym)y=2x(n)+4 (d) y(n)= x(n) cos wn
1 N-1
© ¥ = () (H Yw=— 3 xn=k)
k=0
Solution:
(a) Given y(n) = n*x(n)

¥(m) =T [x(m)] = n*x(n)
Let an input x;(n) produce an output y;(n).
y(m) =T [x; (m)] = n*x, (n)
Let an input x,(n) produce an output y,(n).
Y2 () =T [xy(m)] = n’xy (n)
The weighted sum of outputs is:
ay,(n) + by, (n) = a[nzx1 (m)] + b[nzxz(n)] = nz[ax1 (n) + bx,(n)]
The output due to weighted sum of inputs is:
y3(n) =Tlax,(n) + bx,(n)] = nz[wc1 (n) + bx,(n)]
y3(n) = ay,(n) + by, (n)

The weighted sum of outputs is equal to the output due to weighted sum of inputs.
The superposition principle is satisfied. Therefore, the given system is linear.
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(b)

(©)

Given y(n) = x(n) + m

y(n) =T[x(n)] = x(n) + m

For an input x;(n),

y(m)=T[x;(n)]=x(n) + m

For an input x,(n),

Y2 (n) =T[x;(n)] = x,(n) +

2x,(n—2)
The weighted sum of outputs is:
ay,(n)+by,(n)=a| x (n)+; +b|x (n)+;
NN o S (n—-2) 2 (=2)
a b

= [axl(n) + bx2 (}’L)] + le(n - 2) * 2X2 (}’L - 2)

The output due to weighted sum of inputs is:

1
2lax;(n—2) + bx,(n—2)]

y3(n) = Tlax;(n) + bx, (n)] = [ax,(n) + bx,(n)] +

y3(n) # ay (n) + by, (n)

The weighted sum of outputs is not equal to the output due to weighted sum of
inputs. The superposition principle is not satisfied. Therefore, the given system is
non-linear.

Given y(n)=2x(n)+4
y(n) =T[x(n)]=2x(n) + 4

For an input x;(n),

() =T[x;(n)]=2x,(n)+4
For an input x,(n),

yo(n) =T[x,(n)]=2x,(n)+4
The weighted sum of outputs is:
ay,(n) + by, (n) = a[2x,(n) + 4]+ b[2x,(n) + 4] =2[ax,(n) + bx, (n)] + 4(a + b)
The output due to weighted sum of inputs is:

y3(n) =Tlax,(n) + bx,(n)] = 2[ax,;(n) + bx, ()] + 4

y3(n) # ay (n) + by, (n)

The weighted sum of outputs is not equal to the output due to weighted sum of inputs.
The superposition principle is not satisfied. Therefore, the given system is non-linear.
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(d)

(e)

®

Given y(n) = x(n) cos wn
y(n) =T[x(n)] = x(n) cos wn
For an input x;(n),
v (n) =T[x;(n)]= x;(n)cos wn
For an input x,(n),
¥, (n) =T [x,(n)]= x,(n) cos wn
The weighted sum of outputs is:
ay,(n) + by, (n) = ax,(n) cos wn + bx,(n) cos @n = [ax,(n) + bx,(n)] cos wn
The output due to weighted sum of inputs is:
y3(n) =Tlax,(n) + bx, (n)]=ax,(n) + bx,(n)] cos wn
y3(n) = ay,(n) + by, (n)

The weighted sum of outputs is equal to the output due to weighted sum of inputs.
The superposition principle is satisfied. Therefore, the given system is linear.

Given y(n) = |x(n)|
y(n) = Tx(n)] = |x(n)|

For an input x;(n),

n(n) =Tx,(m)] = |x, ()
For an input x,(n),

Y2 (n) = TLx,y(m)] = |x, ()
The weighted sum of outputs is:

ay, (n) + by, (n) = alx, ()| + b|x, ()
The output due to weighted sum of inputs is:
y3(n) = Tax,(n) + bx,(n)] = |ax, (n) + bx, (n)|
y3(n) # ay,(n) + by, (n)

The weighted sum of outputs is not equal to the output due to weighted sum of
inputs. The superposition principle is not satisfied. Therefore, the given system is
non-linear.

1 N-1
Given y(n)= — x(n—k)
¥ = — %

1 N-1
y(n) = The(m] = — 3" x(n— k)
Nk=0
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For an input x(n),
1 N-1
() =Tl ] = — Y x(n-k)
NS
For an input x,(n),
1 N-1
) = The ()] = — Y x5, (n—k)
NS

The weighted sum of outputs is:

| N | N
ay,(n) + by,(n) = aNle n—k)+ bﬁz x,(n—k)
k=0 k=0
]
= ﬁz [ax,(n — k) + bx, (n — k)]
k=0

The output due to weighted sum of inputs is:

| M
y3(n) = Tlax,(n) + bx,(n)] = N 2 [ax,(n — k) + bx,(n— k)]
k=0

y3(n) = ay,(n) + by,(n)

The weighted sum of outputs is equal to the output due to weighted sum of inputs.
The superposition principle is satisfied. Therefore, the given system is linear.

1.6.4 Shift-invariant and Shift-varying Systems

Time-invariance is the property of a system which makes the behaviour of the system
independent of time. This means that the behaviour of the system does not depend on the
time at which the input is applied. For discrete-time systems, the time invariance property is
called shift invariance.

A system 1is said to be shift-invariant if its input/output characteristics do not change
with time, i.e., if a time shift in the input results in a corresponding time shift in the output
as shown in Figure 1.23, i.e.

If Tlx(n)] = y(n)
Then Tix(n — k)] = y(n — k)

A system not satisfying the above requirements is called a time-varying system (or shift-
varying system). A time-invariant system is also called a fixed system.

The time-invariance property of the given discrete-time system can be tested as
follows:

Let x(n) be the input and let x(n — k) be the input delayed by k units.

y(n) = T[x(n)] be the output for the input x(n).
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Figure 1.23 Time-invariant system.

y(n, k) = Tx(n = k)] = y()| ,(my=xn—r) be the output for the delayed input x(n — k).
y(n—k)=y(n)|,-,_r be the output delayed by k units.
If y(n, k) = y(n — k)

i.e. if delayed output is equal to the output due to delayed input for all possible values of &,
then the system is time-invariant.
On the other hand, if

y(n, k) # y(n — k)

i.e. if the delayed output is not equal to the output due to delayed input, then the system is
time-variant.

If the discrete-time system is described by difference equation, the time invariance can
be found by observing the coefficients of the difference equation.

If all the coefficients of the difference equation are constants, then the system is time-
invariant. If even one of the coefficient is function of time, then the system is time-variant.

The system described by

y(n) + 3y(n — 1) + Sy(n — 2) = 2x(n)

is time-invariant system because all the coefficients are constants.
The system described by

y(n) — 2ny(n — 1) + 3n2y(n -2)=x(n) + x(n — 1)
is time-varying system because all the coefficients are not constant (Two are functions of
time).

The systems satisfying both linearity and time-invariant conditions are called linear,
time-invariant systems, or simply LTI systems.
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EXAMPLE 1.15 Determine whether the following systems are time-invariant or not:

(@) y(n) = x(n/2) (b) y(n)=x(n)

©) ym=x*(n-2) (d) y(n)=x(n)+nx(n—2)
Solution:

(a) Given y(n) = x(gj

n
y(n) =T[x(n)]= X(EJ
The output due to input delayed by k units is:

n
¥ k) =T Lxn =)= YW gy = (5 - kj

The output delayed by k units is:
n—k
y(n = k) = y(n) = X( j

n=n—k 2

y(n, k) # y(n—k)
i.e. the delayed output is not equal to the output due to delayed input. Therefore,
the system is time-variant.

(b) Given y(n) = x(n)
y(n) =T[x(n)]= x(n)
The output due to input delayed by k units is:
W, k) =Tx(n =)=y, =x(=k)
The output delayed by k units is:
y(n—k)=y(n)

y(n, k)= y(n—k)
i.e. the delayed output is equal to the output due to delayed input. Therefore, the
system is time-invariant.

(c) Given y(n)=x*(n-2)
V() =T(x(m)] = x> (n - 2)
The output due to input delayed by k units is:
W, k) =Tlx(n =k =y, o =2 (1=2=k)
The output delayed by k units is:
yn—ky=ym)| _
y(n, k)= y(n—k)

nen_i = X(n—=k)

=x2(n—2—k)
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i.e. the delayed output is equal to the output due to delayed input. Therefore, the
system is time-invariant.

(d) Given y(n) =x(n)+nx(n—-2)
y(n) =T[x(n)]= x(n) + nx(n—-2)
The output due to input delayed by k units is:
y(n,k)=T[x(n—k)]= y(n)|x(”)=x(”_k) =x(n—-k)+nx(n—-2-k)
The output delayed by k units is:
y(n—k)=y(n)| =x(n—k)+n—k) x(n—k—=2)

n=n—k

y(n, k) # y(n — k)

i.e. the delayed output is not equal to the output due to delayed input. Therefore,
the system is time-variant.

EXAMPLE 1.16 Show that the following systems are linear shift-invariant systems:

x(n)+x(n-2) for n=0

0 for n<0

(a) y(n)=x(§j (b) y(n)={

Solution: To show that a given system is a linear time-invariant system we have to show
separately that it is linear and time-invariant.

(a) Given y(n) = x(gj

For inputs x;(n) and x,(n),

(ORI

»(n)=x (

(SR IN

¥ (n)=x, (

The weighted sum of outputs is:

ay,(n) + by, (n) = ax, (gj + bx, (gj

The output due to weighted sum of inputs is:
n n
V3(n) = Tlax,(n) + bx, ()] = ax, (Ej + b, (Ej

y3(n) = ay,(n) + by, (n)
So the system is linear.

n
Y k) =y o = x(g - kj
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Y= k)= y(n) —x(”_kj

n=n—k 2

y(n, k) # y(n—k)

So the system is shift-varying.
Hence the given system is linear but shift-varying. It is not a linear shift-invariant
system.

. x(n)+x(n-2) for n=0
(b) Given y(n) = { 0 for n<0
For inputs x(n) and x,(n),
) =x;(n)+xm-2) forn=0
() =x,(n)+x,(n—=2) for n=0
The weighted sum of outputs is:
ay; (n) + by, (n) = a[x,(n) + x;(n =2)] + b[x, (n) + x,(n = 2)]
The output due to weighted sum of inputs is:
y3(n) =Tax,(n) + bx, (n)]=lax,(n) + bx, (n)] + ax;(n—2) + bx, (n - 2)
y3(n) = ay,(n) + by, (n)
So the system is linear.
W k) =y o =X k) + x(n =2 - k)
Wn—=ym)|,_,
y(n, k)= y(n — k)

So the system is time-invariant. Hence the given system is linear time-invariant.

=x(n—-k)+x(n—k-2)

EXAMPLE 1.17 Check whether the following systems are:

1. Static or dynamic 2. Linear or non-linear
Causal or non-causal, and 4. Shift-invariant or shift-variant
(@) ym=ev{x(n)} (b)  y(n)=x(n) x(n-2)
() y(n)=log, | x(n) | (d) y(n)=a"u(n)
@ ym=x'(n)+—5——
x“(n—1)
Solution:
(a) Given y(n) =ev{x(n)}

¥(n) = ev{x(n)} = % Lx(n) + x(=n)]
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1. For positive values of n, the output depends on past values of input and for
negative values of n, the output depends on future values of input. Hence the
system is dynamic.

2. y(n) = Tlx(m)] = %[x(n) + x(=m)]
For an input x;(n),

1
y(n)= 5 [x;(n) + x;(=n)]

For an input x,(n),
1
y,(n) = 5 [ (1) + x5 (=n)]

The weighted sum of outputs is:

1 1
ay,(n) + by, (n) = aE [x;(n) + x; (=n)] + bE [x,(n) + x5 (=n)]

1
=5 {lax,(n) + bx, ()] + [ax,(—n) + bx, (—n)]}
The output due to weighted sum of inputs is:

y3(n) = Tlax; (n) + bx, (n)] = % {lax, (n) + bx, (n)] + [ax,(—n) + bx, (-n)]}

y3(n) = ay(n) + by, (n)

The weighted sum of outputs is equal to the output due to weighted sum of inputs.
Hence superposition principle is valid and the system is linear.

1
3. ¥(=2)= E[X(_Z) +x(2)]

i.e. for negative values of n, the output depends on future values of input.
Hence the system is non-causal.

4. Given y(n)= % [x(n) + x(—n)]
The output due to input delayed by k units is:
1
Y1 k) =Te(n =)= Y0, oy = 5 130 = B+ x(on = B)]
The output delayed by k units is:

n=n—k

1
y(n = k)= y(n)| =5 [ =K+ x(=n+ k)]

y(n, k) # y(n — k)

So the system is time-variant.
So the given system is dynamic, linear, non-causal and time-variant.
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(b) Given y(n)=x(n) x(n—2)
1. The output depends on past values of input. So it requires memory. Hence the
system is dynamic.
2. The only term contains the product of input and delayed input. So the system
is non-linear. This can be proved.
Let an input x;(n) produce an output y;(n). Then

yi(n) = x(n) x,(n - 2)
Let an input x,(n) produce an output y,(n). Then
ya(n) = xa(n) xo(n — 2)
The weighted sum of outputs is:
ay,(n) + by, (n) = ax,(n) x;(n —2) + bx,(n) x,(n —2)
The output due to weighted sum of inputs is:
y3(n) =Tax,(n) + bx,(n)] =ax,(n) + bx, (n)] [ax,;(n — 2) + bx,(n — 2)]
y3(n) # ay,(n) + by, (n)
Hence the system is non-linear.

3. The output depends only on the present and past values of input. It does not
depend on future values of input. So the system is causal.

4. Given y(n) = x(n)x(n — 2)
The output due to input delayed by k units is:
oK)=y o = x— k) x(n =2 k)
The output delayed by k units is:
yn—k)=ym)|,_, _, =x(n—k) x(n—k—2)
y(n, k) = y(n —k)

Hence the system is shift-invariant.
So the given system is dynamic, non-linear, causal and shift-invariant.

(c) Given y(n)=log10|x(n)|
1. The output depends on present value of input only. Hence the system is static.
2. Given y(n) = log,| x(n)|
Let an input x;(n) produce an output y;(n). Then
() =1log,o| x,(n)]
Let an input x,(n) produce an output y,(n). Then
Y2 (n) =1og;o| %, (m)|
The weighted sum of outputs is:

ay, (n) + by, (n) = alog |x; ()| + blog,o |x, ()|
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The output due to weighted sum of inputs is:
v3(n) =T [ax,(n) + bx,(n)] =log, |ax1 (n)+ bxz(n)|

y3(n) # ay,(n) + by, (n)

Hence the system is non-linear.
3. The output does not depend upon future inputs. Hence the system is causal.

4. y(n)=T[x(m)]=log;e|x(n)|
The output due to input delayed by k units is:

(k) =T[x(n =)=y, =10g10 | x(n = k)|

The output delayed by k units is:

yn=ky=ym),__,

y(n, k)y=y(n—k)
Hence the system is shift-invariant.
So the given system is static, non-linear, causal and shift-invariant.

=log, |x(n —k) |

(d) Given y(n)=a"x(n)

1. The output at any instant depends only on the present values of input. Hence
the system is static.

2. Given y(n)=a"x(n)
For an input x;(n),

y(n)=a"x(n)
For an input x,(n),

Y,(n)=a"x,(n)
The weighted sum of outputs is:
py1(n) + gy, (n) = pa"x; (n) + ga"x, (n) = a" [ px,(n) + qx, (n)]
The output due to weighted sum of inputs is:
y3(n) =T px;(n) + gx, (n)]= a" [ px, (n) + gx, ()]

y3(n) = py;(n) + gy, (n)

Hence the system is linear.
3. The output depends only on the present input. It does not depend on future
inputs. Hence the system is causal.

4. Given y(n) =T[x(n)] = a" x(n)
The output due to input delayed by k units is:

Y, k) =Tlx(n =)= ym), . =a"x(n=k)
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The output delayed by k units is:

yin—ky=ym)| __ =d"Fx(n-k)

n=n—k

y(n, k) # y(n — k)

Hence the system is shift-variant.
So the given system is static, linear, causal and shift-variant.

1
Gi =x(n)+———
(e) Given y(n)=x"(n)+ 2 -

1. The output at any instant depends upon past input. So memory is required.
Hence the system is dynamic.

2. Given y(n):x2(n)+2—
x“(n—-1)
There are square terms of input. So the system is non-linear. This can be
proved.

For an input x;(n),

y(n)= X12 (n)+ m

For an input x,(n),

»nn) = x§(n) + m

The weighted sum of outputs is:

ay,(n) + by, (n) = axi (n) + ﬁ +bx; (n) + m
The output due to weighted sum of inputs is:
1
[ax,(n—1) + bx,(n—1)]*

y3(n) =Tax,(n) + bx,(n)]=lax,(n) + bxz(n)]2 +

y3(n) # ay;(n) + by, (n)

Hence the system is non-linear.
3. The output does not depend on future values of input. Hence the system is
causal.

4. Given ¥ = TLx(n)] = x> (1) + ———
x“(n=1)

The output due to input delayed by k units is:

Y, k) =T[x(n=k)=ym), =3 (n—k)+ ETm——
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The output delayed by k units is:

2
_ =X (}’L—k)-l-—
n=n—k xZ(n_k _1)

y(n, k) = y(n — k)

Hence the system is shift-invariant.
So the given system is dynamic, non-linear, causal and shift-invariant.

y(n—k)=y(n)|

1.6.5 Stable and Unstable Systems

A bounded signal is a signal whose magnitude is always a finite value, i.e. | x(n) | < M, where
M is a positive real finite number. For example a sinewave is a bounded signal. A system is
said to be bounded-input, bounded-output (BIBO) stable, if and only if every bounded input
produces a bounded output. The output of such a system does not diverge or does not grow
unreasonably large.

Let the input signal x(n) be bounded (finite), i.e.,

|x(n)|SMx <eoo for all n
where M, is a positive real number. If
|y(n) | SM, <o

i.e. if the output y(n) is also bounded, then the system is BIBO stable. Otherwise, the system
is unstable. That is, we say that a system is unstable even if one bounded input produces an
unbounded output.

It is very important to know about the stability of the system. Stability indicates the
usefulness of the system. The stability can be found from the impulse response of the system
which is nothing but the output of the system for a unit impulse input. If the impulse
response is absolutely summable for a discrete-time system, then the system is stable.

BIBO stability criterion

The necessary and sufficient condition for a discrete-time system to be BIBO stable is given
by the expression:

S, [hm) <=

n=—oo

where h(n) is the impulse response of the system. This is called BIBO stability criterion.

Proof: Consider a linear time-invariant system with x(n) as input and y(n) as output. The
input and output of the system are related by the convolution integral.

oo

Yy =Y x(k)yh(n - k)

k=—co
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Taking absolute values on both sides, we have

oo

> x(k)h(n—k)

k=—oo

| y(n)| =

Using the fact that the absolute value of the sum of the product of two terms is always less
than or equal to the sum of the product of their absolute values, we have

oo

> x(k)h(n - k)

k=—co

oo

< Y |x@®)||hn - k)|

k=—co

If the input x(k) is bounded, i.e. there exists a finite number M, such that,

|x(k)| < M, <eo

ym)| < M, Y |hn-h)|

k=—oo

Changing the variables by m = n — k, the output is bounded if

Y |h(m)| <

Replacing m by n, we have

oo

3 ] <=

n=—oo

which is the necessary and sufficient condition for a system to be BIBO stable.
Figure 1.24 shows bounded and unbounded discrete-time signals. Figure 1.25 shows
stable and unstable systems.

x(n) x(n) x(n) x(n)

1 M"erm 111 vl

0 n 0 n 0 n 0 l l l l l l n
(@) (b) (© (d)

‘ x(n) x(n) x(n) x(n)
0

EE

(e) 0) (8 (h)

/
—e
—e
e
/
—e
—e
-~—|
——e
1 ]
—e
—e
——e
—e
——e
y

Figure 1.24 (a)-(d) Bounded signals (e)-(h) Unbounded signals.
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x(n)
Bounded Stable Bounded y(n) , !
input ™| gygtem [ > output T
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012 n (a) 1 23 4 6 n
x(n) Bpunded Unstable Unbounded 4~ () ] ' .

[ [ input <~ ™ system —™ output T
012 " (b) 0123 4 n

Figure 1.25 (a) Stable system (b) Unstable system.

The conditions for a BIBO stable system are given as follows:

1. If the system transfer function is a rational function, the degree of the numerator
should not be larger than the degree of the denominator.

2. The poles of the system must lie inside the unit circle in the z-plane.

3. If a pole lies on the unit circle it must be a single order pole, i.e. no repeated pole
lies on the unit circle.

EXAMPLE 1.18 Check the stability of the system defined by
1 1
(a) ym)y=ax(n—17) (b) y(n)=xn)+ 5 x(n—1)+ 7 x(n—2)

(¢) h(n)=d" for O<n<ll (d) h(n)=2"u(n)
(e)  h(n)=u(n)

Solution:
(a) Given yn)=ax(n—-"17)
Let x(n) = 8(n)
Then y(n) = h(n)

h(n)=adb(n—-"17)
h(n)y=a forn=7
=0 forn#7

A system is stable if its impulse response h(n) is absolutely summable.

oo

ie. > || <o

n=—oo

In this case,

Y hm)|= 3, ad(n-T)=a

n=—oo n=—oo

Hence the given system is stable if the value of a is finite.
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(b) Given y(n) = x(n) + % x(n=1+ i x(n—2)
Let x(n) = 6(n)
Then y(n) = h(n)

h(n)=5(n)+%5(n—1)+i5(n—2)

A discrete-time system is stable if

oo

3, o] <

n=—oo

The given h(n) has a value only at n = 0, n = 1 and n = 2. For all other values of
n from —eo to oo, h(n) = 0.

Atn =0, h(0)=5(0)+%5(0— 1)+i5(0—2)=5(O)+%5(—1)+i5(—2)=1

1 1 1 1 1
Atn=1, (D)= +=8601-1D)+—-061-2)=61)+=6(0)+—86(-2)=—
n M ()+2( )+4( ) ()+2()+4()2
Atn=2 h(2)—6(2)+15(2— 1)+15(2— 2)—5(2)+15(1)+15(0)—l
-7 - 2 4 - 2 474
2 |h(n)|=1+l+l=z<oo a finite value.
. 2 4 4
Hence the system is stable.
(¢) Given h(n)=a" for O<n<l1l
o oo 11 Y
S hmi= Y 1a"1=Y o' =174
n=—oo n=—oo n=0 l-a

This value is finite for finite value of a. Hence the system is stable if a is finite.

(d) Given h(n) = 2" u(n)

i lh(n)l= i I2”u(n)|=i2” =0
n=0

The impulse response is not absolutely summable. Hence this system is unstable.
(e) Given h(n) = u(n)
For stability, _
3, [ <=

n=—oo
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In this case,

i |h(n)|=i I=1+1+1+-=co
n=0

n=—oo

So the output is not bounded and the system is unstable.

EXAMPLE 1.19 Check whether the following digital systems are BIBO stable or not:

(a)
(b)
(c)
(d)
(e)

Solution:

(a)

(b)

y(n)=ax(n+1)+bx(n—-1)

y(n) = maximum of [x(n), x(n—1), x(n —2)]
y(n)=ax(n)+b

y(m)=e ™

y(n) =ax(n) + bxz(n -1

Given y(n)=ax(n+1)+bx(n—1)
If x(n) = 8(n)
then y(n) = h(n)

Hence the impulse response is h(n) = ad(n+1)+bd(n—1).
When n =0, h(0)=ad(1)+bd(-1)=0

When n =1,  h(l)= ad(2)+b5(0) = b

When n =2, h(2)=ad3)+bdé(1)=0

b forn=1
I 1, h(n) = .
1 eener ) {O otherwise

oo

3l =

n=—oo

The necessary and sufficient condition for BIBO stability is:

Y | )| < e

n=—oo

So the system is BIBO stable if || < oo,

Given y(n) = maximum of [x(n), x(n—1), x(n —2)]
If x(n) =6(n)
Then y(n) = h(n)

h(n) = maximum of [6(n), 6(n—1), 6(n—2)]
h(0) = maximum of [6(0), 6(-1), 5(-2)]=1
A(1) = maximum of [8(1), 6(0), (-1)] =1
h(2) = maximum of [6(2), (1), 6(0)]=1
h(3) = maximum of [8§(3), §(2),6(1)]=0
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Similarly, h(4)=0=h(5)=h(6)...

N [am)| =]h0)] + |hD)] + [h(2)] + -+

n=—oo

=1+1+1+0+0+---=3

So the given system is BIBO stable.

(c) Given y(n) =ax(n)+b
If x(n) = 8(n)
Then y(n) = h(n)

Hence the impulse response is h(n) = ad(n) +b
when n =0, A0)=ad(0)+b=a+b
when n =1, nwl)=ad1)+b=>b
Here, h(1)=h(2)=...=h(n)=b
Therefore,
a+b whenn=0
hn) = {b when n#0

The necessary and sufficient condition for BIBO stability is:
> |hn)| <o
Therefore, 2 |h(n)| = |h(0)| + |h(1)| + |h(2)| et |h(n)| b

=|a+b|+|b| + b+ +|b]+ -

This series never converges since the ratio between the successive terms is one.
Hence the given system is BIBO unstable.

(d) Given y(n)=e ¥
If x(n) = 6(n)
Then y(n) = h(n)

Hence the impulse response is A(n)= e °™.

When n =0, p0)=e%@ =¢!
When n =1, pl)=e%D =¢0 =1
In general,

-1 _
h(n) = e whenn=0
1 when n # 0

The necessary and sufficient condition for BIBO stability is:

>, [ <=

n=—oo
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(e)

Therefore, i |h(n)| = |h(0)| + |h(1)| + |h(2)| bt |h(n)| .

R S B ESIIE S Eas

Since the given sequence never converges, it is BIBO unstable.

Given y(n) = ax(n) + bxz(n -1
If x(n) = 8(n)
Then y(n) = h(n)

The above equation can be changed into h(n)=ad(n) +bd8>(n—1) .

When n =0, h(0)=ad(0)+bd*(-1)=a

When n = 1, h(1)=ad(l)+b6*(0) = b

When n =2, h(2)=ad(2)+b5*(1)=0

Hence, S [a@m)| = [(O)] + [AD)] + [A2)| + - + | ()| + -+

n=—oo

=|a|+[b| +0+0+---

Hence, the given system is BIBO stable if |a| + |b| < oo,

EXAMPLE 1.20 Determine whether each of the system with impulse response/output
listed below is (i) causal, (ii) stable.

@) h(n)=3"u(-n) (b) h(n)zcos%
(¢) h(n)=38(n)+ cos nt (d) h(n)=e"u(n-2)
n+5
(e)  y(n)=cos x(n) 0 ym=Y x(k)
k=—o0
(2 y(n)=log|x(n) (h) h(n)=[u(n)—u(n-15)]2"
(i) h(n)=4"u3-n) () hny=e "
Solution:
(a) Given h(n) = 3" u(-n)

u(—n) exists for —ee < n < 0. Hence h(n) # 0 for n < 0. So the system is non-causal.

oo

For stability, > |h(n)| <o

n=—oo

oo 0 oo oo n
S vuen- 3 ¥ -3 -5 (4]
n=—oco n=—oco n=0

n=0
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1 (1 >y
=l+=+|=| +|=]| +-
3 3 3

( 1]‘1 1 3
3 1-(1/3) 2

So the system is stable.

(b) Given h(n) =cos %
cos (nm/2) exists for —eo < n < eo. So h(n) # 0 for n < 0. So, the system is non-
causal.
For stability, > )| <o
- nw
2 COs —| =00
n=—oo 2 ‘

because for odd values of n,

nrw
cos 7‘ = 0 and for even values of n,

cosﬂ = 1.
2

So the system is unstable.

(¢) Given h(n) = 6(n) + cos nx
6(n)=1 forn=0and 6(n) =0 forn =0
Icos nl =1 for all values of n.

For stability, i |h(n)| < o

n=—oo

N [a@m)| = |h(=e0)| + -+ [h(=D| + [AO)] + [R(D)| + - + |1(e=)|

n=—oo

=14+ +1+2+1+-F+1=00
Therefore, the system is unstable.
(d) Given h(n) = " u(n—2)

u(n — 2) exists only for n = 2. So h(n) = 0 for n < 0. Hence the system is causal.

oo

For stability, > |h(n)| <o
2 |h(n)|= 2 ‘63"u(n—2)‘= 263"
n=—co n=—co n=2
6, 9, 12

Therefore, the system is unstable.
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(e)

()

Given y(n) = cos x(n)

For the system to be stable, it has to satisfy the following condition:

2 [ <e

If x(n) = 6(n), then the impulse response is:
h(n) = cos 6(n)

For n =0, h(0)=cosd(0)=cos1=0.54

Forn =1, h(1)=cos 6(1)=cos 0= 1

Forn =2, h(?)=cosd(2)=cos0=1

For n = -1, h(-1)=cos6(-1)=cos0=1

For n = =2, h(-2)=cos 6(-2)=cos0=1

N [hm)| =|h(=o0)| + -+ + [R(=2)] + (= D)] + [RO)| + | (D) + | ()] + - - +|(=2)|

=l+1+--+1+054+1+1+---+1

The system is unstable.

n+5
Given ymy =Y x(k)
k=—oo
For the system to be stable,
2 [ <e

n=—oo

Let x(n) = 6(n), then y(n) = h(n). So for the given system

n+5
h(n)y="Y (k)
k=—oo0
-1
For n = -6, h(=6)= Y, &(k)=0
k=—oo
0
For n = -5, h(=5)= Y 8(k)=1
k=—o0
6
For n = 1, =Y, Sk)=1
k=—o0

For n = —o to n = -6, h(n) = 0 and for n = =5 to n = o, h(n) = 1.

2 |h(n)|=0+0+---+1+1+1+---+oo=oo

n=—oo

So the given system is unstable.
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(2) Given y(n) = logyg [x(n)
The output depends only on the present input. Hence the system is causal. The

impulse response is h(n) = log, |5(n)|.
h(0) =1log,, |6(0)|=log;y 1=0
h(1) = log,,|6(1)| = log,, 0 =0
h(2) =log,,|6(2)|=10g;, 0=0

i |h(m)|=0+0+---=0

(h) Given h(n) =[u(n) —u(n—15)]2"

h(n) = 0 for n < 0. So the system is causal.

S [hm)| =Y, [u(n)—u(n—15)]2"

=§(1)2"=1+2+22+23 +o 421 <oo
n=0
Therefore, the system is stable.
(i) Given h(n)=4"u(2—n)
h(n) # 0 for n < 0. So the system is non-causal.

oo 0o 2 0 )
IR IID WI
n=1

n=—oo n=—oo n=—oco n=—oo

oo 2 -1
1 1
=>4+ Y 4" =(1——j +444° =] ——— 420t <o
n=0 n=1 4 [1-1/4)]
Therefore, the system is stable.

() Given h(n) = ="
The system is non-causal since h(n) # 0 for n < 0.

co

oo oo —1 oo oo
2 |h(n)| — 2 e—Sn — 2 eSn + 26—5}1 — Ze—Sn +2 e—Sn
n=0 n=0

n=—co n=—co n=—co n=1

e 1 1+e™
+ _

_1—6_5 l—e™ _1—6_5

fets]

Therefore, the system is stable.

EXAMPLE 1.21 Comment about the linearity, stability, time-invariance and causality for
the following filter:

yn)=2x(n+1) +[x(n—1DF
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Solution
1.

2.

: Given y(n)=2x(n+1)+[x(n—=DP

There is a square term of delayed input [i.e. x(n — 1)?] in the difference equation.
So the system is non-linear.

The output depends on the future value of input [i.e. 2x(n + 1)]. So the system is
non-causal.

For x(n) = 6(n), y(n) = h(n)

h(n)=28(n+1) +{8(n—1))?
h(0)=28(1) + {8(-1)}*=0+0=0
h(1)=2812) +{6(0))> =0+1=1

h(=1)=28(0) + {8(-2)}> =2+0=2

h(=2)=28(-1)+{6(=3)}* =0+0=0
h(n) =0, for any other n

Y A =0+1+2+0+0+-=3<co

n=—oo

Impulse response is absolutely summable. So the system is stable. Also we can say
that since the output depends only on the delayed and advanced inputs, if the input
is bounded the output is bounded. So the system is BIBO stable.

The output due to delayed input is:
y(n, k) =2x(n+1=k)+ {x(n—1-k)}*
The delayed output is
y(n—k)=2x(n—1+k) +{x(n—k -1}
y(n, k) = y(n — k)

Therefore, the system is time-invariant. Also, we can say that since the system is
described by constant coefficient difference equation, the system is time-invariant.
So the given system is non-linear, stable, time-invariant and non-causal.

EXAMPLE 1.22 State whether the following system is linear, causal, time-invariant and stable:

Solution:
1.

y(n)+ y(n—1)=x(n) + x(n-2)
Given y(n)=—y(n—-1)+ x(n)+ x(n —2)

Let an input x;(n) produce an output y;(n) and an input x,(n) produce an output
vo(n). Therefore, weighted sum of outputs is:

ay,(n) + by, (n) =—[ay,(n=1) + by, (n = )] + [ax,(n) + bx, (n)]
+[ax;(n—=2) + bx,(n—2)]
The output due to weighted sum of inputs is:
y3(m) = —{ay,(n=1) + by, (n =)} + {ax, (n) + bx, ()} + {ax,(n —2) + bx, (n —2)}

So the system is linear.
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2. The output depends only on the present and past inputs and past outputs. So the
system is causal.

3. All the coefficients of the differential equation are constants. So the system is time-
invariant.

4. For x(n) = 6(n), y(n) = h(n)
h(n)==h(n—=1)+6(n)+6(n—2)
h(0) = —h(=1) + 8(0) + 8(=2) = 1
h(1) = —h(0) + 5(1) + (=1) = -1
h(2)=—h(1)+8(2) + 80)=1+0+1=2
hB)=—h2)+6(B)+6(1)=-2+0+0=-2

i |h(m)|=1+142+2+ - =c0

n=—oco

i.e. the impulse response is not absolutely summable. So the system is unstable.
Therefore, the given system is non-linear, causal, time-variant and unstable.

EXAMPLE 1.23 Determine whether the following system is linear, stable, causal and time-
invariant using appropriate tests:

y(n)=nx(n) + x(n+2)+ y(n—2)

Solution: Given y(n)=nx(n)+x(n+2)+y(n—2)
1. Let an input x;(n) produce an output y;(n) and an input x,(n) produce an output
vo(n). Then the weighted sum of outputs is:
ay,(n) + by, (n) = n[ax, (n) + bx, (n)] +[ax;(n+2) + bx, (n + 2)]
+lay,(n—=2)+ by, (n—2)]
The output due to weighted sum of inputs is:
y3(n) = nfax; (n) + bx, (M)} + {ax,(n + 2) + bx, (n+2)} + {ay, (n = 2) + by, (n - 2)}
y3(n) = ay;(n) + by,(n)
So the system is linear.
2. For x(n) = 6(n), y(n) = h(n)
: h(n)=noé(n)+6(n+2)+h(n—-2)
h(=2)=-28(-2)+6(0)+h(—4) =1
h(0)=08(0)+0(2)+ h(-2)=0+0+1=1
M) =16()+6B)+h(-1)=0
h(2)=26(12)+6(4)+h(0)=1
h(3)=36(3)+6(5)+h(1)=0
h(4)=46(4)+6(6)+h(2) =1
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oo

S |h)|=140+1+0+ - =co

So the system is unstable.
3. ¥2)=2x(2) + x(4) + y(0)

The output depends on future inputs. So the system is non-causal.
4. The coefficient of x(n) is a function of time. So it is a time varying system.

EXAMPLE 1.24 Find the linear, invariance, causality of the following systems:
(@ ymn)y=—ax(n—-1)+ x(n)
(b) ()= x(n*) + x(=n)

Solution: (a) Given y(n)=—ax(n—1)+ x(n)
1. Let an input x;(n) produce an output y;(n) and an input x,(n) produce an output
yo(n). Then the weighted sum of outputs is:

py1 (1) + gy, (n) =—al px;(n—1) + gx, (n = D] + [ px; (n) + gx, (n)]
The output due to weighted sum of inputs is:
y3(n) =—alpx;(n=1) + gx, (n = D] + [px; (n) + gx, (n)]
y3(n) = py,(n) +qy, (n)
So the system is linear.

2. The output depends only on the present and past inputs. So the system is causal.
3. The output due to delayed input is:

ym,k)=—ax(n—1—-k)+ x(n—k)
The delayed output is
yn—k)y=—ax(n—k-1)+x(n—-k)
y(n, k) = y(n - k)
So the system is time-invariant. Therefore, the system is linear, causal and time-invariant.
(b) Given y(n)=x(n*)+x(-n)

1. Let an input x;(n) produce an output y;(n) and an input x,(n) produce an output
yo(n). Then the weighted sum of outputs is:

ay; (n) + by, (n) = [ax, (n*) + bx, (n*)] + [ax, (=) + bx, (=n)]
The output due to weighted sum of inputs is:
3(n) = {ax; (n*) + bx, (n*)} + {ax,(—n) + bx, (—n)}
y3(n) = ay, (n) + by, (n)}
So the system is linear.
2. y(=2)=x(4)+x(2)
¥2)=x(4) + x(=2)
The output depends upon future inputs. So the system is non-causal.
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3. The output due to delayed input is:
y(n, k)= x(n2 —k)+x(—n-k)
The delayed output is:
W= k)= x{(n =k} + x{=(n k)
y(n, k) # y(n—k)

So the system is time-variant. Therefore, the syst